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The Ring of Symmetric Functions

Symmetric Functions

Definition

A symmetric polynomial is a polynomial in the variables xi, ..., x, that is
invariant under any permutation of the variables.

o Example: f(x1,x) = xZxy + x1x2 = f(x2,x1)

e Non-example: g(x1,x) = xZxz, but g(x2, x1) = x1%3

Definition
A symmetric function is a symmetric polynomial in infinitely-many
variables x1, x2, X3, . .. (more accurately, a it is a formal power series in

the variables x, x2, x3, . . .).

o Example: For n > 1, define p,(x1,x2,...) = x{ +x§ + x§ +---
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The Ring of Symmetric Functions

@ Let A denote the ring of symmetric functions with integer coefficients

@ There are several bases for symmetric functions

Definition
A partition X = (Aq, . ..
non-negative integers,

,An) € Z" is a weakly decreasing sequence of

A=X>- 2 A, 20

@ The Young Diagram of shape

)‘:(675a2) )‘_M:(67572)_(371)

| |
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The Ring of Symmetric Functions Definitions
Bases of A
The Subring

Definition
The elementary symmetric function e, (r > 0) is defined eg = 1 and

e = E Xiy Xpy * + X, (r>1)
i<y <y

EN = €\, €N, " €Y,

o e(x1,x2,Xx3) =x1+ X2+ X3
® ex(x1,x2,X3) = X1X2 + X1X3 + XoX3

Definition
The complete symmetric function h, (r > 0) is defined hg = 1 and

hy = Z Xy Xp o X, (r>1)

W<ip< <,

by = hahy, - by,

@ hy(x1,x2,X3) = x1x2 + Xx1X3 + XoX3 + X12 + X22 + X§
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The Ring of Symmetric Functions Definitions
Bases of A
The Subring '

The Bases

Definition

The power sum symmetric function p, (r > 0) is defined pp = 1 and
Z xi (r>1)
i>1

PXx = PXxiPx; " " Px,-

Example: pa(x1,x0,x3) = X3 + X3 + X3

Example: po,1) = papr = (3 + 53 + x3)(x1 +x2 + x3)
N=7Ze,e,...] =Z[h, ho,...] and Ag = Q[p1, p2, - - ]
The ey and hy are two Z-bases for A

The py are a Q-basis for Ag

Other Z-bases are the monomial symmetric functions my and the
Schur functions S),
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The Ring of Symmetric Functions

Schur Functions

Theorem (Jacobi-Trudi Identity)

For a partition \ € 7", we have

Sx = det (hy,—it))

1<ij<n

Let A = (6,5, 2), then

he—1+1 he—142 he_143
Se52 =det | hs_211 hs_ 242 hs 243
ha_3y1 ha312 ha 33

he hr hg
= det h4 h5 h6
ho h1 hy

= hghshy — h2hy — hzhahy + hrhe + hghahy — hghs
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The Ring of Symmetric Functions Definitions
Bases of A
The Subring '

Schur Functions

Define an inner product (-,-) on A such that Schur functions are an
orthonormal basis,

(Sx; Sp) = dan
o Define the skew Schur function Sy, by

(Sx/us F) = (51, SuF), VF €A

Sx/p = det (h/\,-—uj—iﬂ)lgiJS"
Note: Sy/0 = S

o Set p; = 0 above and get Jacobi-Trudi for Sx
o With Young diagrams, A — 0 =\
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The Ring of Symmetric Functions

The Functions g,

@ An alphabet A = {ay, ay,...} is a set of variables

Definition

The functions g,(A) are defined by the generating series

k2 (A) = H 1taz Z gn(A)z".
n€Z

1—az
acA

@ If we omit variable names, then the variables are assumed to be the
alphabet A, i.e., g, means g,(A)

@ Note that we have g =1, and g, =0 for n <0
@ g1 =2a+2a+2a3+ - =2p

° q2:25‘7%+23%+"'+23132+23133—|—-“:ZP%
o

g =3P+ 3ps
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The Ring of Symmetric Functions

The Ring I

e We will work in the subring I := Z[q1, qa, - . ]

@ As a vector space, I has a basis given by Schur’s Q-functions Qy,
indexed by strict partitions A

Definition

A composition X = (A1, ..., \,) € Z" is a finite sequence of integers. It is
a partition if it is weakly decreasing and non-negative. It is strict if it has
no repeated nonzero parts. Its length ¢()\) is the number of nonzero
parts, and its weight |)| is the sum of its parts.

@ Append integer p € Z to beginning: pA := (p, A1,...,An)
@ Append 0 to end: A0 := (Ay,...,A,,0)

@ Remove ith part: A\ {N\} = (Mg, ..o, Nic1, A1, -+ o5 An)
e Example: 5(2,-1,0,5)00 = (5,2,-1,0,5,0,0)
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Pfaffian Formulation
Vertex Operator Identity Vertex Operator Alg:
Combinatorial Interp:

Pfaffian Reformulation

Definition ([GJ24a])
For r,s € Z, define

S
Q(r,s) = qrqs + 22(_1)'%%%7#
i=1
Then, for A = (A1, ..., A2n), define
Q@ :=PfM(N),

where
Q(A;,Aj)(A) if i > J,
_Q()\j,)\,’)(A) if i <.ja

and where det M = (Pf M)? for a skew-symmetric matrix.
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Pfaffian Formulation
Vertex Operator Identity Verts ato as

Basic Properties

o Q(r,s) = —Q(s’,) forall r,s>0,r+s 7& 0
® Qu—n =0 but Q- =(-1)2forallr=>1
° Qoo =1

° Q= Quo =g forall r>0
@ @\ =0 if X\ is not strict

Let A = (5,2,1). Since £()\) is odd, use A0 = (5,2,1,0). Then

0 Q5.,2) Q51 Qs

—Qs.2) 0 Qe Qro

= Pf Y ’ »

Us21) —Qi,1 —Qey 0 Q1,0)
—Qs0 —Qeo —Quo 0

= Q5,2)Q1,0) — Q5,1) Q2,0) + Q5,0)Qp2,1)
= §1G2G5 — 24395 — 2G2G6 + 24197

—_———=—————=— =
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Pfaffian Formulation
Vertex Operator Identity Verts ato

Definition Comparison

Q5,5

)y Q2 Qb1 Qso)
Qs Qe2 Qi Qo
= pf | @ ! ! !
@s.2.1) Qus) Qu2 Qui Quo
Qs Qo2 Qo1 Quoo

Example (Modified Definition)

0 Q52 Qs1) Qs
—Q5,2) 0 Q21 Qro
—Q(5,1) —Q(2,1) 0 Q(1,o)
70(5,0) 70(2,0) 70(1,0) O

Q5,2,1) = Pf
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Vertex Operator ldentity

Basic Consequences of New Definition

Proposition ([GJ24a])

Let A € Z" be a composition, then

n ; Q) ifnis odd,
= (1) ax Quay = { A
i=1

0 if n is even.

e Example: A =(6,0,2), g6Q0,2) — 90Q(6,2) + 92Q(6,0) = Q(6,0,2)

Proposition ([GJ24a])

Let A € Z" be a composition, then Qxo = Qx.

Corollary ([GJ24a])
Let A € Z" be a composition, then Qy /o = Q.
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Vertex Operator ldentity

Negative Parts

Definition

For any strict composition A\ € Z" and any integer p € Z,

_ )@y ifp=2,
QA\{p} o {0 otherwise.

.

Proposition ([GJ24a])

Let pe€ Z, p > 0, be a positive integer and let A\ € Z" be a strict
partition, then

Qpyr = (—1)PHndPI2Qy (1,
where ind(\, p) = i if p = X;, and O otherwise.

° Q(_475a472) = (71)4+2+120(5,2)
® Q4532 =0
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Vertex Operator ldentity

Inner product

Define an inner product (-,-) on C[z] ® I' such that the Q) form an
orthogonal basis,
(Q)\a Q;L) = 260\)6)#

For partitions A, i, define the skew Schur’s Q-function Qy/,, by

(QuuF) = (@27 Q,F),  forall FeT

o @/, can be computed with a similar Pfaffian formula
o Let F* denote the adjoint of multiplication by F € I' with respect to
('a ')r
(FQ)\; Q,u) = (QA, FJ_Q,u.)

o If F= F,z" is an infinite series, we denote F* := Z"Ft
n n n

. o n 1 n_ L
o Example: for k; =Y qnz", we have k; =) z"q,
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Vertex Operator ldentity

Schur vs. Schur's Q-functions

e Sy and @, play similar roles in their rings

Schur function Sy Schur's Q-function Q)
Basis Orthonormal basis of A Orthogonal basis of I C A
Rep. Theory Linear rep. of &, Projective rep. of G,
Boson-Fermion Untwisted picture Twisted picture
Combinatorics SSYT Shifted tableaux
Algebraic Jacobi-Trudi (determinant) Pfaffian formula
Qr(A; t) t=0 t=-1
Negative part Removes column Removes row
Vertex Op. Yes Yes
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Pfaffian Fc
Vertex Operator Identity Vertex Of
Combinatorial Interpretation

Vertex Operator Algebras

@ Vertex operator algebras are a construction rising from Lie algebras
o Gives basic representations of affine Kac-Moody algebras
@ A vertex operator is a type of infinite-order differential operator in
infinitely-many indeterminants
@ Vertex operators are a method to realize certain symmetric functions
- Schur’s Q-functions, Hall-Littlewood functions, etc.
@ Can be used as a tool to study symmetric functions

o Structure of the vertex operator realization can tell us about the
structure of symmetric functions
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Formulation
Vertex Operator Identity rator Algebras
Combinatorial Interpretation

Vertex Operator to Schur’'s @-functions

@ The vertex operator Y(z) is defined

2z" 2z7"n §
Y(Z) = exp Z TH_H exp Z — EW

n
n>1 n>1
n odd n odd

k . .
where exp(A) = 3, 47, and the H_,, are indeterminates
@ Its homogeneous components Y, are defined

Y(z) = Z Y,z7"

nez

@ The operator Y_j, Y_,, - Y_,, corresponds to Schur's Q-function
Qri 220
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Vertex Operator ldentity

Vertex Operator Identity - Symmetric Function Statement

@ In terms of symmetric functions, the vertex operator is

1
Kz K:—l/z

@ Recall:

T Kt = Y(-1/2)at

n€Z neZ

Theorem ([GJ24a])

Let )\ be a partition, then we have

s
Rz - Hfl/zQ)\ = Z Qp)\zp7

PEZ

where pA = (p, A1, .., \n).
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Vertex Operator ldentity

Action of the Vertex Operator

Theorem ([GJ24a])

Let )\ be a partition, then we have

Ki_l/ZQA = Z Qp)\zpa

pEZ
where p\ = (p, A1,..., \p)-
o
@ The action is just multiplication
Kz - HJ__l/zQ)\ = = Z Z qp+rqr Q/\ zP
peEZ \ r>0

e Note: g; Q>\ = QQ)\/ (r) (r > 1)
e We go from Q) () to Qpx by removing parts
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Vertex Operator Identity v
Combinatorial In

Decomposing by Removing Parts

Lemma ([JP91])

Let \ € Z" be a partition, then for all positive integers r € 7" we have

n

Qun == _(-1)arn-rQu(r}-

i=1

Lemma ([GJ24a])

Let \ € Z" be a partition, then for all integers p € 7Z we have

- Z(*l)iQ(p,,\,)QA\{A,} if n is odd,
Qpx = i
qp @ — Z(—l)’Q(p7,\,.)Q,\\{>\,.} if n is even.

i=1
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Vertex Operator ldentity

Combinatorial Interpretatlon

o Let A =(5,2,1).

If p =4, then

Q5,21 = quqy Q,2,1) — qsfhL Q5,2,1) + CI6C72L Q5,2,1
= qaQ5.2,1) — 295Q(5,2,1)/(1) + 296 Q(5,2,1)/(2) —

Hence Qs5.42,1) = —qaQ5,2,1) + 295 Q(5,2,1)/(1) — 296 Q(5,2,1)/(2) +

v

If p=—1, then

Q(—1,5,2,1) = Q—lqd_ Q(5,2,1) - CIOCIf' Q(5,2,1) + CI1CI2J' Q(5,2,1) -
= —2Q5.2,1)/0) T 201Q5,2,1)/(2) —

But, we also know Q(_152,1) = —2Q)5,2), and so

Qi,2) = Q.2,1)/0) — N1 Qs.2,1)/(2) + CI2Q(5 /(3)

V.
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Plethysm
Stability Theorems

Plethysm Stability

Plethysm

@ Plethysm arises from the composition of representations
@ Let X D A be an alphabet

o Define x* := xl)‘1 M eg., xB3) = xPx3x3

Definition

For P =3, cxx* € C[X], define q,(P) by the generating series

re(P) =1 (ij;) = an(P)

A n€Z

@ Recall: any F € T can be written as a polynomial in the g,(A)'s

Q2,1)(A) = g2(A)q1(A) — 2g3(A), so Qa,1)(p2) = q2(p2)G1(p2) — 2g3(p2)
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Plethysm
Stability Theorems

Plethysm Stability

Plethysm Properties

@ Power sum basis works well: p,(pn) = Pmn = pn(Pm)

Recall that p,(A) = af + a5 + aj + - - -. To compute py,(pn). replace
each variable with its mth power:

pm(pn) = (a1")" + (a3")" + (a3")" +
=a""+ a3+ a3+
- pmn(A)

Compute p,(g) by replacing every variable in g by its mth power
pi(g) = g(A) = g(p1), so p1 = a1 +a> + az + - - - is the unit
Identify A=a; +ax+az3+---

S\(A+B) = Z# Sxa/u(A)Su(B)
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Plethysm

Plethysm Stability Sty Vieens

Plethysm Coefficient Sequences

Some properties in I :

an(z) =2(2)" (n=1)

QA+ B) =32, Qu/u(A)Qu(B)
Qx(zA) = ZPQ\(A)
F(A+z)=r}F(A)forall FeT

Sequences of plethysm:

@ It's natural to consider sequences of plethysm arising from
representation theory:

(ZPGZ Qx © CQpps st) for s € Z
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Plethysm
Stability Theorems

Plethysm Stability

Plethysm Stability 1

Theorem ([GJ24b])

Let )\, u, v be partitions, and let r be the greatest integer such that

IA[(Jul + r) < |v], then
. czh
DD 0oQu Qu | 2 =L(2) + 1Tz
SEZ \ pEZ z

where ¢, h € Z, and L is a Laurent polynomial of degree at most
[Al(p1 + r).

o Idea: ) ., Qs 2° = nznfl/ZQy
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Plethysm

Plethysm Stability Sttty Uiieerens

Plethysm Stability 2

Theorem ([GJ24b])

Let A, p, v be partitions, and let g(z) =3 , .7 (Qpr © Qu, Q) 2°.
Then

Q /fé(u) > 1, then g is a Laurent polynomial of degree at most M%;l
Q I/f = (m), then g(z) = P(z) + =, where P(z) is a Laurent

polynomial.
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Plethysm

Plethysm Stability Sttty Uiieerens
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