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PLETHYSM STABILITY OF SCHUR’S Q-FUNCTIONS
JOHN GRAF AND NAIHUAN JING

ABSTRACT. Schur functions has been shown to satisfy certain plethysm stability properties
and recurrence relations. In this paper, use vertex operator methods to study analogous
stability properties of Schur’s @Q-functions. Although the two functions have similar stability
properties, we find a special case where the plethysm of Schur’s @-functions exhibits linear
increase.
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1. INTRODUCTION

Schur functions Sy form a basis of the ring of symmetric functions A and correspond to
irreducible representations of the symmetric group under the characteristic map [Mac95].
Similarly, Schur’s Q-functions @) serve a similar role as a basis of the subring I' C A that
correspond to irreducible projective representations of the double covering group of the sym-
metric group (also called the irreducible spin representation). Indeed, both bases have many
similar properties. The Jacobi-Trudi formula provides a determinantal method for comput-
ing Schur functions, which shows that any irreducible representation of the symmetric group
can be composed from the basic representation or the sign representation, and it allows one to
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compute S) for compositions with negative parts. For the spin representation, the analogous
Pfaffian formula also shows that any irreducible spin representation can be composed from
the basic spin representation [Schll]. In a previous paper [GJ25], we extended the Pfaffian
formula for Schur’s Q-functions to similarly allow compositions A with negative parts.

Let 7\ be the GL-representation associated with partition \. Littlewood studied the
plethysm 7y o7, arising from the composition 7, (7)) in the category of G L-representations
[Lit36], [Lit50], and correspondingly the plethysm of any two symmetric functions can be
computed via the Frobenius characteristic map (cf. [Mac95l p. 160]). It is a main problem
to find information on the coefficients as ., in the plethysm decomposition myom, = ®az ,m.
However, these coefficients remain mysterious [COS™24] even for small rank [PW21]. Some
basics of plethysm are explained in [LR10] and [FJK10]. Also see [COS™24| for some recent
developments.

An important property for plethysm of Schur functions is the stability, which asserts that
several sequences of plethysm coefficients have been shown to stabilize [Wei90, [CT92]. Carré
and Thibon [CT92] used methods arising from vertex operators to prove that the sequences

(SAOSW’ ) for p € Z, s = [A(|p| +p) — ||,
(Spr0 Sy, Ss)  forp € Z, s = (|Al+p)|ul —|v|

stabilize for large enough p, where pA = (p, A1,..., A,). Additionally, Brion [Bri93| proved
stability theorems using geometric methods, and Colmenarejo [Coll7] used combinatorial
methods. Although these stability theorems have been widely studied for Schur functions,
the analogous properties had not been established for Schur’s Q)-functions.

Hence, in this paper we study some analogous stability properties of Schur’s Q)-functions
via a careful adaption of Carré and Thibon’s vertex operator methods for the case of twisted
vertex operators. We find that plethysm of Schur’s Q-functions almost enjoys the stability
except in a special case! The idea of our current treatment can be traced back to two well-
known constructions of the simplest affine Lie algebra s/(2) by the homogeneous untwised
vertex operators and principal twisted vertex operators (cf.[FLMS8§|) and their applications
to symmetric functions [Jin91a]. In particular, we show that the sequences

(@Qx0Qpu Qu)  forp e Z, s = |A|(lul+p) — v,
(@ 0@ Qu)  forpeZ, s= (Al +p)lp| = v], (p) >1

stabilize for large enough p. Meanwhile, the sequence

(Qp)\OQ(m)uqu) fOl"pGZ, S = (|)\\—|—p)m—|y|

increases linearly for large enough p.

Furthermore, Carré and Thibon [CT92] used their vertex operator methods to prove a
recurrence formula for the plethysm of Schur functions. As special cases, this formula reduces
to different recurrence formulas provided by Butler and King [BK73] and by Murnaghan
[Mur54]. Consequently, we also derive analogous recurrence formulas for Schur’s Q-functions.

The Hall-Littlewood functions @, (A;t) are a generalization of both the Schur and Schur’s
Q-functions, and they also have a vertex operator realization [Jin91b]. So, it is desirable
to generalize these results. However, some formulas of Hall-Littlewood functions have not
been established, and in particular we bring attention to the open problem of generalizing
the Jacobi-Trudi formula to skew Hall-Littlewood functions @/, (A;t).
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2. PRELIMINARIES

2.1. Partitions. A composition X = (A1,...,\,) € Z" is a sequence of integers, and it is a
partition if its parts A1, Ag, . .. are nonnegative and weakly decreasing. The length ¢(\) of A
is the number of nonzero parts. The weight |A| of A is defined to be the sum of its parts. A
partition is strict if it has no repeated nonzero parts.
We define some operations to append or remove parts to a composition \. First, for any
integer p € Z we define
PA = (P, A1, ).

Next, for any integer i € {1,2,...,n}, we define
>\ \ {)\z} = ()\1, ey )\i—la >\i+17 ey >\n)

2.2. Schur’s Q-functions. We will provide a brief overview of Schur’s Q-functions [Sch11],
Mac95]. A more detailed treatment can be found in [GJ25].

An alphabet A = {aq,as, ...} is a set of variables, which may be infinite. The functions
qn(A) of the alphabet A are defined by the generating series

pa(A) = [T 2% =3 ga(a)en,

1—za
a€A nez

Note that ¢y = 1, and that ¢, = 0 for n < 0. For any integers r, s € Z, we define

(1) Q(r,s)(A) = QT(A)QS(A) + 2 Z(_1>iQT+i(A)QS—i(A)-

For any composition A\ € Z", we define Schur’s Q-function Q\(A) to be the Pfaffian Pf of
the matrix M () with entries
Q()\i’)\j) ifi< j,
M(A);; =<0 ifi =7,
Qo) i >,
where we use A0 := (Ay,...,\,,0) if n is odd, and where (PfM()))? = det M. For any
partitions A € Z" and p € Z™, we define the skew Schur’s Q-function Qx/.(A) by
Pt M(X\ ) if n+m is even,
(2) Qa/u(A) = : .
Pf M (A0, ) if n+m is odd,

where M (A, 1) denotes the matrix

M) N
MO\ ) = <_N((A’)M)t (0 u)) |

and where N (A, ) is the n X m matrix

Pi—pm 7 D—m

N p) = :
q)\n_l/fm e q)\n_Ml

Henceforth, omitting the variables of functions will be understood to mean we are using
the alphabet A. That is, we write g,,@x, k., etc. to denote g,(A),Qr(A),k.(A), etc.,
respectively.
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We define the ring I' := Q < ¢q1,¢2,q3,... > to be the ring spanned by the ¢,. It fol-
lows from the definition of x, that the odd ¢,’s are algebraically independent, and I' =
Zq1,q3,Gs, - - .]. The @, form a basis for I', where A ranges over strict partitions. Note that
I" is a subring of the ring A of symmetric functions. See Appendix [Al for details about A and
Schur functions, and see Appendix [B] for details about alternative constructions of Schur’s
@-functions.

2.3. Inner Product and Adjoints. We define an inner product on the ring I' by setting

(3) (Q)n Qu) = 26()\)5)\/1

for strict partitions A and p. We extend the inner product to I' ® C[z] by C[z]-linearity,
where z is an indeterminate.
For any partitions A and p, the skew Schur’s Q-function @)/, satisfies the identity

(4) Qs F) = (Q0,27WQ,F)

for all FFeT.
For any function F' € I', we let F'* denote the adjoint of multiplication by F with respect

to ('7 ')7
(5) (FJ_Q)M Q,u) = (Q)HFQ#>’
If F =3 F,z"is an infinite series, we denote F*+ := " 2"F:.

2.4. Plethysm.

A-ring formulism of plethysm. We use the A\-ring definition of plethysm from [Las03] to define
plethysm on T

Let X be any alphabet, which may contain A. We associate every element F' € I'(A)
with an operator, also denoted F', that acts on elements of the polynomial ring C[X]. Let
at = zy'xh? - -+, and suppose P =} ¢, 2" € C[X]. We first define g,(P) by the generating
series

© wr) =TI (7)) - Zar=

o nez

Next, note that any element F(A) € I'(A) can be written as a polynomial in the ¢,(A);
F(A) = F(q1(A),q2(A),...). So, we define plethysm of F' on P as
F(P) = F(Ql(P)aCD(P)a - )

We denote the plethysm of F, G € I' as either F'(G(A)) or F' o G(A). See Appendix [A] for
the connection of our definition of plethysm on I' to plethysm on the larger ring A.

Plethystic notation. Since we have F'(A) = F(a;+ay+---) for all F' € I, we can identify an
alphabet with the formal sum of its elements. For two alphabets A and B, the sum A+ B
is the disjoint union of A and B, so that
kKA=A+-.-4+ A
kt

for any positive integer k. Equivalently, we have ,(kA) = (k.(A))¥ for positive integers k,
which we extend by defining

ko (kA) = (k,(A))", for all k € C.
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In particular, we have
(7) k(A% B) = k,(A)k,(B)*

Since £,(0) = 1, it follows that A — A = 0. For example, we have F'(A+ B — B) = F'(A) for
all F € I'. Additionally, we define
AB = ab,

acA
beB

and so in particular zA = za; + zas + - - -.

Power sum computations. Computing specific examples of plethysm is often easiest using
the power sum basis. For all n > 1 we define the power sum function p, by

pn(A) = Z a".

We note that I' is generated by the odd power sums, I' = Q[p1, p3, ps, . . .]. For a partition p,
we define p,, = p,,pu, -+ -, and

Z, = Hz’mi(“) -m;(p)!,
i>1

where m; (1) = #{j | p; = i} is the number of parts of p equal to i. In terms of the power
sum basis, for n > 1 we have [Mac95, p. 260]

(8) = 7'2Wp,
w odd

where a partition p is odd if each of its parts are odd. To compute F'o G for F,G € T", we
can write ' and G in the power sum basis using (§]), then compute the plethysm using the
method described in [LR10| p. 168].

Let w : A — A be the involution w(h,) = e, exchanging the homogeneous and elementary
symmetric functions. Since w(p,) = (=1)""'p,,, we have that w(psn1) = pans1, and hence all
elements of ' are invariant under w. In general, for a homogeneous symmetric function F' € A
of degree n we have F(—A) = (—1)"(wF)(A) [Mac95, p. 137]. Thus, for all homogeneous
F €T of degree n we have

(9) F(=A) = (=1)"F(A).

Plethysm properties. Before we continue, we state some important identities of plethysm.

Proposition 2.1 (Sum Rule). For any partition X\ and any two alphabets A and B, we have
(10) OA(A+B) =Y Quu(A)Qu(B),
m

where the sum s over all partitions p.
Proof. This is a restatement of equation (5.5) from [Mac95l p. 228], setting t = —1. O

More generally, we have the following result.
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Corollary 2.2 (Skew Sum Rule). For any partitions A\, u and any two alphabets A and B,
we have

(11> Q)\/u A+B ZQ)\/V Ql//u )

where the sum is over partitions v.

Proof. Following the analogous proof from [Mac95, p. 72| for Schur functions, we have from
Proposition 2] that

Y Quu(A+ B)Qu(C) = Qi((A+ B)+C)
=Q\(A+(B+0C))
- ZQ)\/V Ql/ B + C)

—ZQA/V )Qu/u(B)Qu(C).

Finally, we equate the coefficients of @),,(C) in the beginning and end of the above chain of
equalities. 0

If we use the alphabets A = {z}, A = {—z}, or A = {2z}, then we get the following
results.

Proposition 2.3. We have

(12) @(z) =1,

(13) () =22"  (n2=1),
(14) an(—2) =2(=2)" (n=1),
(15) 0n(22) = dnz" (n>1).

Moreover, if X is a partition such that ((\) > 1, then Qx(z) = 0.

Proof. Let w be another indeterminate. From the definition of plethysm, we have
I+ wz

1l —wz

= (1+wz)) (wz)"

n>0

= Z 2w + Z 2"

n>0 n>1

=1+ Z(?z")w

n>1

proving the first two equations. Equation (I4]) is an immediate consequence of ([I3]) and (3]).
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Now, by the sum rule we have

= Glal)
= 2qn(2) + z_: n-i(2)a:(2)

=4z"+ (n—1)4z"
= 4nz".

For the last result, it suffices to show this for /(\) = 2 since we define @), as a polynomial
in the functions Q. So, suppose £(\) = 2, then we see that

Q(r,s)( ) - QT _'_ 22 qm—z q$ z( )

If s is even, then in the parentheses we have 1 +142-(—1) = O If s is odd, then we have

1 —1+42-0=0. Therefore, in either case we have Q5 (2) = O
Proposition 2.4. For any partition A\, we have

(16) Ox(z4) = 2P Q,(A).

Proof. This equation follows from the fact that zA = za; + zas + - -+, and the fact that
@x(A) is a homogeneous polynomial in the a; of degree |A|. O

2.5. Vertex operator formalism of Schur Q-functions. We recall several identities
from [GJ25], which will be useful in our consideration. First, we calculate the action of ¢
as follows.

Proposition 2.5. For any partition A\, we have
g Qx = 2Qx/(n (r>1),
G Qx = Qx.

Next, appending a negative part to A is, up to a coefficient, the same as removing a part
from \.

Proposition 2.6. Let p > 0, be a positive integer and let X be a strict partition, then

) _ (=1)PHH12Q 0y if p = Ni for some i,
P 0 otherwise.

If X\ is not a partition, then the following result states that @), = kQ), for some constant
k and partition 7.
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Proposition 2.7. Let A € Z" be a composition, and let B; act on X\ by swapping its ith and
(i + 1)st parts. Then

Qx if Xi = Aig1,
Op» = —Q if \i + Xig1 # 0,
' (=1DY2Qx iy o i+ Aigr =0 and \; > 0,
0 if A + X1 =0 and \; < 0.

Consequently, we have that the vertex operator &, - £, /» acts on @) in the following way.

Theorem 2.8. Let \ be a partition, then we have
Kz - '%J—_l/zQA = Z Qprz".
PEZL

Lastly, we have that a specific type of skew Schur’s @Q)-function is equivalent to the multi-
plication of two Schur’s Q-functions.

Proposition 2.9. For all partitions X € Z™ and integers k,p € Z such that k > 0 and
p > A\ + k, we have

Qpr/(p—k) = Q-
3. STABILITY THEOREMS

In this section, we will show that the stability theorems of plethysm of Schur functions
[CT92] also hold for Schur’s Q-functions, except in one special case. First, in order to use
the vertex operator identity, we will show how 1 and k*_ act on Schur’s Q-functions.

Lemma 3.1. Let F € I' ® C[z|, then we have
KEF(A) = F(A+2),
Kt F(A) = F(A-2).

Proof. We proceed similarly to [Mac95| p. 95]. First, we compute the action of k- on a basis
element (). So, we have

RrQAA) =) 2" g Qx(A)

r>0
=g Qx(A)qo(2) + > g Qx(A —qr( )
r>1

since we see that 1 = go(2) and 2" = 1¢,(z) (r > 1) by ([I3). Then, we have that ¢;-Qx = Q\
and $¢:-Q\ = Qi) (r > 1) by Proposition 25, and so we get

Qx/0)(A)qo(2) + Z Qnmy(A)g(2) = Z Qx/r) (A)gr(2).

r>1 r>0
By Proposition 2.4 we have that Q,(z) = 0 if ¢(x) > 1, and so the sum is

S Quu(A)Qul2)

Finally, by the sum rule, we see that we have Q\(A+ z), as desired. The general case follows
since the @), form a basis of I'. The second identity can be proven similarly using (I4). O
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We will write our sequences as the coefficients of Laurent series. We say that the degree of
a Laurent polynomial L(Z) is the highest power of Z that appears with a nonzero coefficient.
The following identity will allow us to separate a particular product into a sum.

Lemma 3.2. Let n € Z and let H(Z) € C[Z, Z7'] be a Laurent polynomial. Then

H(Z) . g C;
i-zp MO+ gz

where ¢; € C for alli, and L(Z) is a Laurent polynomial. If H(Z) # 0, then L(Z) has degree
at most max(deg(H) — n,0).

Proof. When H(Z) =0 or n = 0, there is nothing to prove. When n < 0 the sum is empty,
and we see that deg(L) = deg(H) — n. Now, assume n > 1. We proceed by induction on n.
First, suppose n = 1. We can write

H(Z)=) _bZ',

where i ranges over some nonempty, finite set of integers I C Z, and each b; # 0. First
assume that #1 = 1, and so H(Z) = b, Z*. In this case we have

H(Z) K
A
1-Z g

:kaZ”

p>k
by
1-27

— L(Z) +

where
—bp Yoy 2P if k>0,
L(Z)=40 if k =0,
> 2P if k<0,

Additionally, we see that deg(L) < max(k — 1,0). Next, suppose #I > 1, and assume that
max(l) = k. Let G(Z) = H(Z) — by Z*, then by induction on #I we get

H(Z) G(Z) N by Z*
1-Z 1-72 1-Z

_ (Ll(Z) + ﬁ) + (Lz(z) + 1%2)

(C—Fbk)
1—-2Z7

— L(Z)+

where L(Z) = L1(Z) + Ls(Z), and

deg(L) < deg(Ly) + deg(L2) < max(k — 1,0).
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Now, suppose n > 1. Then, by induction on n we have
H(z) 1 H(Z)

-2y 1-2Z (1-2)1

We also have L(Z)/(1 — Z) = P(Z) + ¢o/(1 — Z), and so with reindexing the ¢;’s we get

H(Z) . . C;
a-zr _P(Z)+;7(1_Z)i.

Finally, we see that
deg(P) < max(deg(L) — 1,0) = max(deg(H) — (n — 1) — 1,0).
O

Now, we use the vertex algebraic method to prove stability results for Schur’s Q-functions.
First, we prove a Schur’s Q-function analogue of [CT92, Theorem 4.1].

Theorem 3.3. Let \, p, v be partitions, and let r be the greatest integer such that |\|(|p| +
r) < |v|, then

CZk

1— zIA

Z (Q)\ o Qp;u qu) 2’ = L(Z) +

p,SEZ
where ¢,k € Z, and L(z) is a Laurent polynomial of degree at most |A|(u1 + 7).

Proof. First, we let
F(2) =3 (QroQpuQu) 2"

p,SEZ
By linearity of the inner product, we have

f2)=2 (QA © Quir z%) .

PEZ SEZL
We apply Theorem 2.8 to the RHS of the inner product to get
f(Z) = Z (QA © quv K- HJ—_l/zQu) .
PEL
Next, from the definition of adjoint we have
f(z) = Z (FGZLQ/\ © Qpys HJ—_I/zQV) ’
PEL
and so by Lemma [B.1] we get
F(2) = 3 (Qr0 QuulA+2), QulA—1/2)).

PEL
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Now, we will write f(2) = R(z) + T(z), where

R(Z): Z (QAOQpM(A+Z)>QV(A_1/Z))>

p<pitr

and
T(z)= > (QxoQuu(A+2),Q,(A-1/z)).

It suffices to show that R(z) is a Laurent polynomial, and that 7'(z) stabilizes.
First, we expand the plethysm @Q,,(A + 2) using the sum rule and Proposition to get

Qpu(A+ 2) Z Qpp/r(A)Q~(2)
= Z Qpuy (i) (A)ai(2)
= Qpu T2 Z Qpu/(i)?

i>1

Now, notice from Proposition 2.7 that if p < p; + r, then we have Q,, = Q- (up to a,
possibly-zero, coefficient) for some partition 7 with largest part at most puy + r. Hence, in
this case we have Qpu(A +2) = Qpu + 23 127" Qpu/y 2. So, we see that

R(z) = Z <Q/\ <qu +2 Z qu/(i)zi> ,Qu(A - 1/Z)>

p<pi+r

is a Laurent polynomial of degree at most |\|(u1 + 7).
Next, we similarly have

T(z) = Z (Q/\ (Q:nu +2 Z qu/(i)zi> ,Qu(A - 1/Z)> :

p>p1+r

Note that @, (A — 1/z) expands into a linear combination of basis elements with weights at

most |v|. Hence, when computing the inner product in 7(z), we only need to consider the

case where |\|- \p,u/( )| < |v|, which is to say that |A|(|p|+p—1i) < |v|. Since r is the greatest

integer such that |A|(Ju| + ) < |v|, we only need to consider when p —¢ <r, ie.,i>p—r.
Therefore, we have

T(z) = Z Qx| Qpu +2 Z qu/(i)zi> , Qu(A — 1/Z)>

p>p1+r i>1

p .
-y (a3 qu/mZ’),Qu(A—l/Z))
p>p1+r i=p—r

- Z Q)\ 2 Z QPM/(P—j)Zp_j> 7QV(A - 1/2))
j=0
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after reindexing with j = p —i. Note that p—j > p—1r > (u; +r) —r = py, and so by
Proposition we have that Q. (p—j) = ¢;@Qu- Thus, we have

HEEES (@A (iqj@uzp—j),@um—l/z))

p>p1+r Jj=0

3 e <QA <2 > qjczuz’“—j> QA 1/z>)
p>pr+r J=0
Al +1)

=T - H(z)

where H(z) is a Laurent polynomial of degree at most |A|r of the form H(z) = zFHy (1),
for some k € Z. By Lemma 3.2, we then have

CZk

1— 2z
where ¢ € Z, and G(z) is a Laurent polynomial of degree at most |A[(u + 1+ 7) — [\ =
IA|(41 4 7). Finally, we have

£(2) = R(2) + (G(z) + i)

1— 2z

T(z) =G(z) +

(74
1 — zAl

where L(z) is a Laurent polynomial of degree at most |A|(u1 + 7). O

=L(z)+

Next, we have a Schur’s Q-function analogue of the stability property [CT92, Theorem 4.2].
Theorem 3.4. Let A, u, v be partitions, and let g(z) = 7 (Qpr 0 Qp, Q) 2°

(1) If ¢(u) > 1, then g(z) is a Laurent polynomial of degree at most ILVI‘%;;
(2) If = (m), then

clzk ngk

g(z) = P(2) + T om + (1=

where ¢y, ca, k € Z and P(z) is a Laurent polynomial of degree at most (A + |v|)m.
Proof. As in the proof of Theorem B.3] we have

9(2) =Y (Qm <Qu +2 Z QH/(i)z") ,Qu(A— 1/z)> .

PEZL

First, if ¢(p) > 1, then @,/ has weight || —4 > [u] — 1 > 1. Also, we have that
the inner product (Qpr 0 Qu(A+ 2),Q,(A—1/2)) is 0 when (p + |A|)(|u| — 1) > |v], ie.,

|

when p > — |A]. So, we see that g(z) is a Laurent polynomial of degree at most

=1
(o ) - =
Next, suppose u = (m), and let = |v| — |A|. Then, g(z) = R(z) + T'(z), where

R(Z) = Z (Qil’)\ e} Q(m)(A + Z), QSV(A - 1/Z>)

p<A1+r
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is a Laurent polynomial of degree at most (|A| + Ay +7)m = (A + |v|)m, and
T(z) = Z (Qpr 0 Q) (A + 2), Qu(A—1/2)).
p>A1+r

Now, we can write Q) (A + 2) = (Qm)(A + 2) — 2™) 4+ 2™, so by the sum rule we have

ST S Qo Qe (A +2) — 2™)Quiy (™), Qu(A — 1/2)) .

p>X1+r j=0

Similarly, we write Q(m)(A 4+ 2) — 2" = (Qm) (A + 2) — 22™) + 2™, and so by the skew sum
rule we have

= > ZZ Qpr/(0)(Qumy (A + 2) — 22™) Q= (2™) Qi) (™), Qu(A — 1/2)) .
p>A1+r 3=0 k=0

Notice that

is a sum of terms with nonzero weight. Thus, in the inner product we only need to consider
terms where p + [A\| — k£ < |v|, that is, where k£ > p — r. Additionally, Q—;)(2™) = 0 unless
k—j>0,ie., 5 <k. Therefore, we have

Z Z (Qm/(k (m) (A + 2) — 22™) Z Qu—»(2")Qu (z™), Qu(A — 1/Z)>

p>A+r k=p—r
Z Z (Qp/\/(p—i)( (A+Z — 22" ZQ(P i—j) )Q(] (2™), Qu(A — 1/z)>
p>A1+r =0

after reindexing with i = p — k. Now, note that p —i > (A; +r) —r = A; > 0. Hence, from
the proof of (IH) we have that

S Queini) (ZMQy (™) = poil(22™) = Alp — i)z,
j=0

Furthermore, we can apply Proposition 2.9to get Qpx/p—i) = G@x since p > A +r > Aj+i.
Hence, we get

= Z GONQuny (A + 2) = 22™)4(p — 1), Q,(A ~ 1/2))

p>A1+r =0

=y 24 )2 (G QN Qumy (A + 2) — 22™),Qu (A — 1/2)) .

p>A1+7r =0
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Now, we see that we may pull 2™®~") out of the inner sum, and hence we have

T(z)= ) m<”24 — )2 (G QN Qumy (A + 2) — 22™), Qu (A — 1/2)).

p>A1+r

Due to the factor p — i, we can write this as T'(z) = T1(z) + T2(z), where

= Y pe ZM” D (GQA(Qumy (A + 2) — 22™), Q, (A - 1/2)),

p>A1+7r

and
T

Ty(z)= Y 2" " 4(=i) 2" (qQA(Qumy (A + 2) — 22™), Qu(A = 1/2)) .

p>A1+r =0

Next, we can see that we have T1(z) = >, ., p2P=T) L 2R (2™ where M H (2M) s a
Laurent polynomial of degree at most |A| + — 1. Furthermore, we see that

b A
217 = =7

p>0

§ pzm(p—r) — L 2 p(zm)p
p>A1+r p>A1+r
Zm()\l +r4+1—r)

and so we have

T (1= 2m)
Zm()\l—l—l)
1—zm)2

Therefore, this means we have

By Lemma [B.2] we get

c1 2k c2zk1

1—zm (1 —2zm)2
for some constants ¢y, ¢o, where L (z) is a Laurent polynomial of degree at most (|A\|+r—3)m
Similarly, we have

Tl(Z) = Ll(Z) +

Ty(z)= Y 2077 24 "GN Qemy (A + 2) — 22™),Qu(A — 1/2))

p>A1+r
Zm()\l—i-r-l—l—r)

= ()
Zm()\l—l—l)

=T 7 Ha(T)

ko
= LQ(Z) + a7
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where Ly(z) is a Laurent polynomial of degree at most (|A| + r — 1)m. Therefore, we get

kl kl k2
C1z Coz C3z
T(z)=|(L + + + (L +
(2) (l(z> 1—zm (1—zm)2) (2(2) 1—zm>

k k1
= L(z) +

clzkl + c32™2 n CoZ
1 —zm (1 —zm)2’

where L(z) has degree at most (J]A| +7 — 3)m = (|v| — 3)m. Notice that the inner sums
in the original definitions of T (z) and T5(z) only differ by a factor of —i, so it follows that
ki = ko. Finally, we see that R(z) + L(z) has degree at most (A, + |v|)m. O

In other words, the stability theorems say that the sequences

(17) (Qx o Qpu, Qsy)  forpeZ, s =[A(|ul +p) — v,
(18) (@pr0Qu, Qs)  forp e Z, s = (|A[+p)lu| = [v]

stabilize for large enough p (see Example B.5]). Meanwhile, when ¢(u) = 1, the sequence (I8))
eventually increase linearly (see Example B.7). Recall from Proposition that for p < 0,
we have ,n» = 0 when —p is not a part of A. Since ¢()\) is finite, this means that both
sequences always stabilize to 0 as p — —o0.

The difference between stability for Schur and Schur’s @)-functions can be seen, in part,
as follows. In our special case, we consider plethysm of the form Q) (Qumn)(2)) = 4pzP™, and
we see that the coefficient 4p increases linearly as p — oo. On the other hand, in the Schur
function case we have S, (Sm)(2)) = 2™, which has a constant coefficient for all p.

U(p) > 1

Example 3.5. Let A = (2,1), p = (2), and v = (4, 3,2). We wish to compute the sequence
(Qx 0 Qpu, Qs) for p € Z. First, recall that for any F' € I', we may write

(F.Q.) o
F=2 gnay =22,

where the sum is over strict partitions v. For p > 2 we compute via computer algebra the
basis expansion of Q) o Qp,,

Q/\OQm:O
QroQs3, =60 Qe + -+,
Qr0Qyu =536-Qg, + -+,
Qxr0 Qs =664 Qo + - -,
Qxr0 Qe =664 Qs + -+,
@x 0 Q7 = 664 - Qs +

After multiplying these coefficients by 2%, we get the sequence
0, 960, 8576, 10624, 10624, 10624,

which stabilizes to 10624.
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Example 3.6. Let A = (1), p = (2,1), and v = (3,2). We note that ¢(u) > 1. We wish to
compute the sequence (Qpx 0 Q. Qs) for p > 1. We compute

QunoQu=0-Qu+-,

Q220Qu =12 Qg +---,

Qsr0Qy =168 Q7 + -+,

QunoQu=204-Qiop + -+,

Q5x0Qu=0-Quzp + -,

Qer0Qu=0-Q + -,

QnoQu=0-Qi, +---.
So, we get the sequence 0,96, 1344, 1632,0,0,0, ..., which stabilizes to 0.
Example 3.7. Let A = (1), p = (3), and v = (2,1). We note that ¢(u) = 1. We wish to
compute the sequence (Qpx 0 Q. Qs) for p > 1. We compute

QunoQu=0-Qs + -,

Qor0Qu=12-Qp, + -+,

Q30 0Q, =88 Qg, + -+,

Qo Qy=256-Qa + -+,

Qsn0Qy =464 - Q5 + -+,

Qen0 Q=672 Qi) + -,

Qa0 Q=880 Qg+ - .

So, we get the sequence 0,96, 704, 2048, 3712, 5376, 7040, . ... This sequence does not stabi-
lize, but the differences between terms is the sequence 0,96, 608, 1344, 1664, 1664, 1664, . . .,
which stabilizes to 1664.

4. RECURRENCE FORMULAS

Now, we show that Schur’s @-functions have recurrence formulas that are similar to those
for Schur functions. Recurrence formulas for Schur functions have historically been used
to assist with difficult plethysm computations. In [CT92], it is shown that vertex operator
methods may be used to generalize recurrence relations from [Mur54] and [BK73]. We
now show that the vertex operator method also produces analogous recurrence relations for
Schur’s Q-functions. However, in this case, the recurrence relations have many more terms.

In particular, the Foulkes conjecture [Fou50] states that S,, 0.5, — S,, 0.5, is Schur-positive
when m < n. Considering the Schur’s @Q-function analogue of this statement, plethysm of
the form g, o g, is of interest. We are able to find an analogue of the Butler-King formula
to compute Dg(qy, © ¢,n), where Dy is defined in (20]).

4.1. The Recurrence Formula. We start by computing the action of the vertex operator
Ky - /@fl/z on K1(qm(A)).

Lemma 4.1. Let m > 0 be a positive integer, then

Kz ’ij—_l/z"il (gm(A)) = k2(A)r1(gm) (H R(=1/2)m (Qm—n)) :
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Proof. First, we expand out the LHS. We apply Lemma [B.1] to get
Ko1)ok (Gm(A)) = w2 (AR (g (A = 1/2)),

and then we use the sum rule to get

(Z G 1/2)) :

From (I4]), we get

K. (A)k1 ( +2§: (=1/2) qm—i( ))

Now, recall from (1) that x,(A+ B) = K,Z(A)/{Z(B) Therefore, we have

K(Amlqm< (i —1/2) qrmi( )))

It remains to show that

(19) K1 (Z( 1/2 Qm z ) HI{( 1/z)n Qm n

i=1
First, from Proposition 2.4 we have ¢,(zA) = z qn(A), and so

K1(zA) Z qn(zA)

ne”Z

= Z ann(A)

nez

=k, (A).

It follows that r1((—1/2)"¢m—i) = K(—1/2)i (¢m—:), and so by applying (7)) we have (19).

17

O

Carré and Thibon [CT92] showed that the Schur functions satisfy the analogous identity

Uz)‘J—_l/zal (Sm(A)) = UZ(A)UI (Sm))‘—l/Z(Sm—l)a

where o, and \, are the generating functions of the elementary and homogeneous symmetric
functions defined in (24]) and (25]), respectively. Hence, we see that with Schur’s @Q-functions
we get a product whose number of factors depends on m, whereas there are exactly three
factors for Schur functions. We now use Lemma [£.1] to obtain the recurrence formula. First,
we will make use of some operators that act on (), by removing a part of A\. For positive

integers k > 0, we define the operator Dy to act on ), by

(=1)"12Qx 3 if k= ); for some 1,
20 D = '
(20) K@) { 0 otherwise.

It follows from Proposition that we get the following.

Remark 4.2. For a partition A and positive integer k£ > 0, we have

Qi = (1) DyQx.
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Now, we are ready to prove a Schur’s Q-function analogue of the recurrence formula [CT92,
Theorem 5.1].

Theorem 4.3 (Recurrence Formula). Let m > 0 be a positive integer, then
Dykq (Qm(A)) = KJl(Qm) Z (_1)TQT(A) H di, (Qm—S)st (Qm—S)a
(I+J)-6—r=k s=1

where I = (i1, .. yim), J = (J1,-- s Jm) € Z™, 6 = (1,2,...,m), and I - § is the usual dot
product.

Proof. First, we start with the product r, - K+, /oK1 (gm(A)), and expand it in a different way

then in Lemma A1l Let x1(gn(A)) = >, baQx be the expansion of £1(g,,(A)) as a linear
combination of basis elements. Substituting this expansion for x1(¢,(A)), we get

'%Z'%J—_l/z’%l (qm(A)) = ’L{’Z’L{’J—_l/z Z b)\Q)\
A

= Z b,\fizfifl/zQ,\-
A

Then, we apply Theorem 2.8 to mszl/zQ,\ to get D>\ ba Y,z @pa2?. Combining this with
Lemma [4.1], we have

(21) Z Z Zpb)\QpA(A) = K-(A)k1(qm) (H K(-1/z)n (Qm—n)> .

pEZ A
On the LHS of (1)), we see that the coefficient of 27* is
> hQin =Y ba(—1)DiQx
A A
= (—1)"Di > 0rQa
A
= (=1)*Disiar(gm).
Meanwhile, on the RHS of (2II) we see that the coefficient of 27 is
D (=)t g (A) K (o) @iy (Gnet) -+ Qi (90) @51 (Gm1) * * € (00).
where the sum ranges over all I, J € Z™ and r € Z such that r — 14y — - -+ — ma,, — 1j; +

- +mj, = —k, i.e., such that r — (I +J) -6 = —k. Since (I +J)-J = k+r, we may rewrite
this as

fulgm) Y (D7 (A)gi, (nat) -+ Gin (20) 051 (Gm1) - - € (00)-
(I+J)-6—r=k



PLETHYSM STABILITY OF SCHUR’S @Q-FUNCTIONS 19

4.2. Specializations of the Recurrence Formula. In [CT92], they specialize their re-
currence formula for Schur functions to get the reccurence formulas of Butler-King and
Murnaghan. Define the operators acting on Schur functions by Ci(Sx) = Sy_q» if £(N) =k
and Cx(S)) = 0 otherwise. The Butler-King formulas [BK73| are

n—k

Cr(Sn 0 Sm) =D (1Y Sp_p—j(Sm)ersj(Sm—1)S;
=0
n—k '

Ci(en © Sm) = Y (=1 en st j(Sm)Sk1;(Sm-1)S;.
7=0

Murnaghan’s formulas [Murb54] are

(=1)Pey(Sm) - CuSnp(Sm) = (=1)" "€, (Sm_1)Sn_r,

1
I

17
x> O

(_1)n_kSn(Sm—1)Sj—k'

(]

(=1)?Sp(Sm) - Cren—p(Sm)
p=0
The B-K equations above are related to each other through the involution w. Since Schur’s
Q-functions are invariant under w, we only get one B-K analogue, and similarly we only get
one Murnaghan analogue. To find these analogues for Schur’s Q-functions, we can identify
terms of equal weights on both sides of the equation in Theorem 4.3 First, we have the
analogue of the B-K formulas.

Theorem 4.4. Let k,n,m > 0 be positive integers, then

Di(gn © gm) = Z (—1)(I+J)'6_kQ(1+J)-5_k(A)qn—m_m(qm) H i (Gm—s5)45, (Gm—s)-
1,Jezm s=1

Proof. We identify the terms of equal weights (nm — k) from Theorem On the LHS, this
is just Di(gn © gm). We see that the RHS is multiplying ), /(¢n) with terms of weight
r+> " is(m—s)+ 30 js(m—s) =r+ > " (is + js)(m — s). Thus, we have weight

m

7+ (s + o) (m =) = tm+r+mD (is+js) = > s(is + o)

s=1 s=1 s=1
=tm+r+m(I|+|J]) - I+ J)-§
=W+ I+ |J])m+r—(k+7)
=+ I+ |J))m — k.
Since nm — k = (L + |I| + |J|)m — k, we see that £ = n — |I| — |J|. Also, note that
r=(+J) 60—k Thus, we get

Di(gnoam) = > (=1)"ae(gm)ar(A) [ | ¢i.(@n—s)45. (Gms)

I,Jezm s=1

= Z (_1)(I+J).6_an—\I\—|J\(Qm)Q(I+J)~6—k(A)HQis(Qm—s)st(Qm—s)'

I,Jezm s=1
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Note that there is no restriction on I, J € Z™ in the sum since (I +J) -6 —r = (I +J) -
60— ((I+J)-0—k)=kforall I,J. However, it may be convenient to restrict to I,.J € ZZ,
with [I| 4+ |J| <n and (I + J)-§ > k since other terms will be 0. O

Now, we may do a different specialization to obtain a Schur’s Q-function analogue of
Murnaghan’s formulas.

Theorem 4.5. Let k,n,m > 0 be positive integers, then

o

3

(=1)"@p(qm) - Din—p(gm) = Z (—1)((”])'5%(1(1“).5—1@(A) H Qi (Gm—s)0j, (qm—s)-
1,Jez™ s=1
[I|+]J|=n

i~
Il
o

Proof. First, note that 1/k1(¢y) = £-1(¢m). So, from Theorem [£.3 we have

(22) K-1(qm) - Drki(qm) = Z (=) gy -k (A) HQis(Qm—s)qjs(Qm—s)-

I,Jezm s=1

We identify the terms of weight nm — k in (22)). We see that

(T+0)-0—k+ Y (ist+j)m—s)=T+J)-6—k+m> (is+j)— > s(is+js)
s=1 s=1 s=1
={I+J)-d—k+m(I|+|J)—UT+J)-6
=m(|I| +|J]) =k,
and so in the sum on the RHS we require || + |J| = n. O

In practice, the plethysm F o G is easiest to compute by expanding F' and G in the power
sum basis, as described in [LR10]. Thus, using the power sum expansions of the g,’s [Mac95),
p. 260], we compute g, o ¢,, for small values of n and m.

Remark 4.6. We have

= 4Q2n) +4Q@n—1,1) +4Q@n—2n) + - + 4Qm41,n—1),
as(q) =23+ 4}
= 6Q3) +2Q2,1),
33(92) = 2430201 + 2q4q2 — 651 + 66
= 6Q) + 10Q5,1) + 14Qu2) + 2Q3.2,1),
43(q3) = 2¢2G3q4 + 2919395 — 6919296 — 694g5 + 8g3qs + 10g2q7 — 6q1gs + 2qo
= 6Q9) + 10Q 1) + 22Q7,2) + 24Q6,3) + 10Q(6,2,1) + 10Q(5,4) + 14Q(5,3,1) + 2Q4,3,2)-
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Example 4.7. We wish to verify Theorem 4 for D;(gs o q2). First, we will compute this
directly. By Remark .6, we have
930G2 =2q19293 + 24294 — 6 1G5 + 6 g6
= 6Q) + 10Q5,1) + 14Q 42) + 2Q3.2,1)-

Therefore, by the definition of D; we have
Di(gs 0 g2) = —20Q) + 4Q3.2)-

On the other hand, there are 34 pairs of I,.J € Z? that contribute a nonzero term in
Theorem (4.4l A select few of these are as follows:

I J | Term (after simplification)
(0,1) —16423 + 8194
(0,2) —4¢2q3
(0,0) —164293 + 8q194
(0,1)

(0,1)

84144

(0,0
(0,0
(0,1
(1 1
(2 0 —8¢243

After summing all 34 terms, we are again left with

219293 + 2 q2q4 — 6 195 + 6 6.

4.3. Maximal First Part. Similarly to Carré and Thibon, we now consider the plethysm
qn © @), expanded as a sum of the form ) i d,Q,. We wish to find a formula for the nonzero
terms in this expansion where p has the largest possible first part. In [CT92], Carré and
Thibon found analogous formulas for Schur functions for the terms with maximal first part,
as well as for terms with maximal length.

Proposition 4.8. Let \ be a partition and n > 0 be a positive integer, then

Dn)\l (Qn o Q)\) =(4n© (QQ)\/(M))

Proof. Suppose the expansion of ¢, o Q) is g, 0 Q) = Zu d,Q,. We apply the operator
/-zzl-zfl/z to both sides of this expansion. On the RHS, we get > > c; d,Qpu2?. On the
LHS, we get

/‘fz/‘fj—_l/z Z duQu = KJZ(A)QH(Q)\(A - 1/2))

by applying Theorem 2.8 Then, we can use the sum rule to get

= r:(A)gn <Z QA/(k)(A)Qk(_l/Z)>

= £:(A)gn (QA(A) +23 (=1/2)" Qu (A)>

k>1
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since Q,(—1/z) is 0 if £(v) > 1. Therefore, we have

(23) h(A)g <QA<A> 2 Z(—l/zmw(m) =33 4.Que

k>1 W pEeZ

Note that Qy/x) = 0 for k > Ay, so the lowest power of z on the LHS of ([23)) is 27", and
its coefficient is

¢ (2(=1)" Qx/001) (A)) = (=1 (2Qx/(01))-
Let h = n\y, then on the RHS of (23), the coefficient of 27" is

Z duQ(—h)u = Zdu(_l)hDhQu
I I
= (_1)hDthuQu
o

= (=1)"Dy(d, o Q»).
Therefore, equating coefficients we get
(=1)"Dy(dn 0 Qx) = (—=1)"q,(2Qx/(n))-

Example 4.9. We have that Q/n,) = @x\{r,}, and so by Proposition 4.8 we have
Dn)\l (Qn o Q,\) =(qn© 2Q,\\{,\l}-

In particular, if n = 1, then we see that we have

Dy, (q10Qx) = q102Qx(r) = 4Qx\ ()
Computing the action of D, directly with (20)), we also get

D)\1 (Q1 o Q)\) = D)\l (2Q)\) = 4(_1)2Q>\\{)‘1}'

APPENDIX A. SCHUR FUNCTIONS AND THE RING A

Let
(24) o.(4) =] _1za =3 ha(a)e"
a€A nel
and
(25) A(A) = [J(L+2a) =) en(A)2"
a€A ne”L

be the generating functions of the homogeneous symmetric functions h, and elementary
symmetric functions e,, respectively. The ring A of symmetric functions in the variables of
A is defined

A = @[hl, h,g, hg, . ] = Q[el, €9, €3, .. ]
For two compositions A, i, we define the skew Schur function Sy, by
SA/,u = det(h)\i—uj—i-‘rj)a

and the Schur function Sy := Sy /0. We define w : A — A by w(h,) = e, for all n > 0, and it
follows that w is an involution, i.e., w(e,) = h,,.
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We use the A-ring definition of plethysm from [Las03] to define plethysm on A. For
P =73, ¢t € C[X], we define the plethysm h,,(P) by

(26) o.(P) =] ( - _1236“)0” = hu(P)z".

acA nez

For any polynomial in the h,(A)’s, say F'(A) = F(hi1(A), ha(A),...). So, we define plethysm
of F'on P as

F(P) := F(hi(P), hao(P),...).
Equivalently, we can define e, (P) by
(27) A(P) = [+ 2ty =) en(P)2"
acA ne”Z
since o, = AZ.. Then, because #,(P) = o,(P)\.(P), we have the following.

Remark 1.1. Our definition (@) of plethysm in I' is equivalent to the definition of plethysm
in the ring A of all symmetric functions when restricted to I'.

APPENDIX B. COMBINATORIAL INTERPRETATIONS OF SCHUR’S (J-FUNCTIONS

First, we note that for n > 1 we have

Gn = Z Qf(u)mm

"
where m,, is the monomial symmetric function indexed by p, and the sum ranges over
partitions such that || = n. In terms of the Schur functions, we get
Gn = S(n) + Sn-1,1) T -+ Sam).
Next, we have
K, = H(l +2a;2 + 2(a;2)? 4+ 2(a;2)* + - -+,
i>1

and so the two summands of 2(a;z)" corresponds to the semistandard Young tableaux

:

and

of shape (7). It follows that g, enumerates the the semistandard Young tableaux of shape (n)
with entries in the ordered alphabet 1 < 1/ < 2 < 2/ < --- such that each k&’ appears at most
once. The resulting theory of shifted Young tableaux provides a combinatorial construction

of @, [Sag87].
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