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1. Introduction

Schur’s Q-functions were introduced in 1911 by Schur [14] to study projective char-
acters of the symmetric and alternating groups. Independent Schur’s Q-functions @y
are indexed by strict partitions A, and it is customary to extend the definition of Qy
to compositions using the anti-symmetry property Qs = —Qs,), for r > s > 0.
Consequently, for any partition A, the function @) can be defined as the Pfaffian of
the skew-symmetric matrix (Qx,, Aj)), which can be viewed as a spin analog of the
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Jacobi-Trubi formula for the Schur functions [10]. In 1990 and 1991, Nimmo [11] and
Jézefiak and Pragacz [8] introduced a Pfaffian formula for skew Schur’s @Q-functions.
Other constructions of Schur’s Q-functions involve Young tableau [10, p. 229], shifted
Young tableaux [15], vertex operators [6], and generating functions [10, p. 253].

However, the above anti-symmetry property does not hold for negative integers r, s <
0, so the matrix is not skew-symmetric if we allow A to have negative parts. In fact, one
must also define Qg,0) to be 0 for this matrix to be skew-symmetric, even when only
considering positive parts (see [13, Theorem 4.1]). This convention is not consistent with
the definition that go = 1, and the combinatorial fact that A and A0 = (Aq,...,\,,0)
have the same Young diagram. So, instead we should have Q,0) = qo = 1, as is the case
in other constructions of Schur’s @-functions. One may reconcile this by simply defining
the diagonal of the matrix to be all Os (see [5]).

In this paper, we resolve these issues by defining @, with a slightly different matrix
that is always skew-symmetric, even when A\ has negative parts. Schur’s @-functions
Q(r,s) With two, possibly negative, parts have been considered before [12], and we extend
this definition to a composition A\ of any length. As a result, we are able to algebraically
prove many results regarding Schur’s @-functions. In particular, we show that if A is
a composition containing negative parts —pi, ..., —pk, then Q) is, up to a coefficient,
equal to the function (), where i is the composition obtained from A by removing the
parts £pi1,..., £pk-

Furthermore, we develop a useful technique of decomposing Schur’s Q-functions into
sums involving the functions Qy\ 1,1, where A\ {A;} is the partition obtained by remov-
ing the ith part of A. Using this technique, we are able to algebraically prove fundamental
identities such as Qxo = Q@ and @/ = Qx. These identities are not true in the tradi-
tional Pfaffian formulation where we require @ (g,0) to be 0, but they are simple identities
in other constructions. Crucially, we are now able to use these important identities with
Pfaffian calculations.

Our main theorem is a Pfaffian formulation of a vertex operator identity, which we
prove using simple algebraic methods. As a consequence, we are able to decompose Q
into different sums of skew functions. We are also able to find a connection between the
functions @\ (», ) and the A, root system. Finally, we use our techniques to prove some
additional identities of Schur’s Q-functions.

2. Preliminaries

A general reference for symmetric functions and Schur’s @Q-functions is [10]. A refer-
ence for the standard Pfaffian formulas for Schur’s @Q-functions is [8].

2.1. Compositions and partitions

A composition A = (A1,...,A\,) € Z™ is a finite sequence of integers )\;, called its
parts. A partition is a weakly decreasing composition with nonnegative parts. For any
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composition A, its weight |A| is the sum of its parts, and its length £()\) is the number
of nonzero parts. We say a composition is strict if each nonzero part is distinct. We will
denote the set of partitions (resp. strict partitions) by P (resp. SP). For any integer
p € Z, we define

PA = (D, A1, An)-
Additionally, we can append a 0 as a final part,

A0 = (A1,..., A, 0).
For any i € {1,2,...,n}, we define

)\\ {)\z} = ()\17...7)\i,1,)\i+1,...,)\n>.

We may similarly remove multiple parts, A\ {A;, A;}. Note that this notation specifies
the index of the part being removed from A. For example, if A = (5, 3,3, 1) then we would
write A\ {X2} = (5,3,1), but not (5,3,3,1) \ {3}. Additionally, if we remove all of the
parts, then we are left with the 0 composition.

Finally, for strict compositions A € Z™ and any nonzero integer p € Z, we define the
index of p in A to be

1 if p = \; for some i,

0 otherwise.

ind(A,p) == {

2.2. Pfaffians

Recall that a matrix M is skew-symmetric if M* = —M. The determinant of a skew-
symmetric matrix M is of the form det M = (Pf M)?, where Pf M denotes the Pfaffian
of M. If M isa (2n+ 1) x (2n + 1) skew-symmetric matrix, then Pf M = 0. Otherwise,
if M = (msj)i<ij<on is a skew-symmetric matrix, we have the following Laplace-like
expansion [1]: Fix some ¢ € {1,2,...,2n}, then

PfM = (-1)""" Y (=1)/mj; Pf My,
1<j<2n
Jj#i
where
. {mij if i < j,
m.. =

mj; if 4> 7,

and M;; is the submatrix obtained from M by deleting the ith, jth rows and the ith,
jth columns.
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2.3. Schur’s Q-functions

Now, we may define Schur’s Q-functions in the variables z1, xs,.... We will omit the
variables and write ¢,, @, etc., in place of g,(x1,x2,...), Qx(x1,22,...,), etc. The
functions q,, are defined by the generating series

oo

14 zx; n
Kz.:r[lim:%qnz.
n

i=1

Note that we have go = 1, and ¢, = 0 for n < 0. For any integers r, s € Z, we define

Q(T',S) = ¢rgs + 2 Z(fl)i%ﬂ—kiqs—ia (21)
i=1

where the sum is empty when s < 1. In particular, we have Q(,. o) = ¢, for all r € Z.

This formula is the standard definition of Schur’s @Q-function for a partition (r, s) with
two parts, except we allow r and s to be negative integers. So, we have the antisymmetry
property Q) = —Qs,) for all r, s € Z except when s = —r. In particular, for r, s > 0
we have

Q(ir,—s) =0,
Q(—r,s) =0 (7‘ 75 S)v
Q(fr,r) = (_1>7"2’
Q0,0) = 1.
Note that our convention is consistent with the vertex operator construction that

Q=r,y = (=1)"2 and Q(,—,y = 0 for r > 0. We define Schur’s Q-function for any
composition A € Z™ to be

Oy = PfM(N\) if nis even,
YTPEM(A0) i n s odd,

where the ij-entry of the n x n matrix M(A) (or an (n+ 1) x (n+ 1) matrix if n is odd)
is

Qi >y,
M(A)ij :== 40 if i = j,
_Q(A]‘,/\i) if i < j.

Next, we define the skew Schur’s Q-function for a composition A € Z™ and a strict
partition p € Z™ to be
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O e PfM(\ p) if n+miseven,
M Pt M(AO, ) if n+m is odd,

where M (A, 1) denotes the matrix

M\, p) = <_N()\7L)t 0

and where N (A, p) is the n x m matrix

A —pm 7 GA—m
N\ p) = :

q)\n_/"'nl e Q/\n_ul

Let T := Z[q1, g2, - - -] be the subring of symmetric functions generated by the ¢; over
integers. Clearly Q) € I', and we will show that Qx, A € SP, form a spanning set of T".

3. Fundamental properties of Q

When T is considered as a Z-module, the functions @), form a basis of I', for strict
partitions v [10]. Hence, it is desirable to express @ in this basis for any composition
A. However, in this section we will show that it can be convenient to express Schur’s Q-
functions with the form @,x, where p € Z is any integer, and A is a strict partition. We
will also discuss some basic properties of the Pfaffian realization of Schur’s Q-functions
that are necessary to construct more complicated identities.

3.1. Accounting for the disparity of £(\)

Due to the Pfaffian definition of @y, we need to treat A differently depending on the
parity of its length ¢(\). Indeed, many subsequent identities will have different formulas
depending on the length of A. The following proposition provides an explanation for
these differences.

Proposition 3.1. Let A € Z™ be a composition, then

n . .
, Q»x if n is odd,
=2 (D' Q@unpay = { L
= 0 if n is even.
Proof. If n is odd, then we have

Qx1,0)

Qx = Pf

MOy |
(An,0)

—Qpn,0) —Qm,o)\ 0
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(N _
= (=1 N (=1) gy, PEM(A\ {);})
j=1

by expanding along the last row/column, and since Q A;,0) = qx,;- Then, note that
PELON A1) = Qu ).

If n is even, then we have that Qx\¢x,; = PEM((A\ {A:})0), and so Qx\(x,} is the
Pfaffian of the matrix

Q()q,())
MO [
t Q(ri11,0)
Qrn.0)
—Q0u.0) R0 Q@00 —Qowo| 0
Expanding on the last row/column, we see that we have
1—1 . n
Qg = ()" (=170, @unnngy — O (F17a3,Qnpain)
j=1 j=i+1
= Z sgn(i, 1) (—1) ax, @\ (i, )
1<ji<n
J#i
-1 if j <4,
where sgn(i, j) = Bl
1 ifj >

Now, we substitute this formula for Qy\¢x,} into the sum to get

n n

> (10 Quagy = (Vg D> sen(i, 1) (1) gx, Qayain}
i=1 i=1 1<j<n
J#i
= Z > (=1 sgn(i, 1)arax, @ pn }-
i=11<5<n

J#i
Finally, note that Qx\(x;,x;} = @x\{x;,);}, SO we can rewrite this sum to get

Z (—1)i+j<sgn(i,j)%¢(hj + sgn(j, i)qMCIAi)QA\{Ai,,\j}

1<i<j<n

= Z (=) (ax,an, — 0,00 ) @A\ (A )

1<i<j<n
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=0. O

As a consequence of this identity, we are able to prove the following fundamental
property of Schur’s Q-functions.

Proposition 3.2. Let A € Z™ be a composition, then Qxo = Q-

Proof. If n is odd, then this statement is simply the definition of @y. If n is even, then
by definition we have Qxo = Pf M (A00), and so

( ) Q0 Qn0

Qxo = Pf Q.0 Qrn,0)

Q0 —Qx, 0 0 Q0,0

Q00 Q0| Roo 0

SV
=Pf ar, D,
g =gy, | 01
Oy |~ 0

By expanding along the last row/column, we have

Qxo = (—1)" 2! Z )'ax, PEM (X {):}0))

+ (=) (=) TP (M (V)

= - Z(—l)iq,\iQx\{Ai} +Qx

i=1

By Proposition 3.1 the sum is 0 when n is even, and hence we are left with Qo = Q). O

In other words, we may append an arbitrarily-long, finite sequence of Os to A without
changing Q. This is consistent with other constructions, whereas the traditional Pfaffian
definition of Schur’s Q-functions implies that doing so gives 0. In particular, the typical
Pfaffian construction defines Q(g,0) to be 0, which is not consistent with the convention
that go = 1, whereas here we use (2.1) to define Qg,0) = 1 more naturally. We remark
that Proposition 3.2 implicitly implies that gqg = 1.

However, it is worth noting that our Pfaffian definitions are otherwise equivalent to
the typical Pfaffian definitions of @) and @)/, Note that gx,—0 = Q(x, 0) and that
qo—pn; = 0, so we also have Q,,, = Pf M (), u0) when n+m is odd (also see [4, Theorem



8 J. Graf, N. Jing / Journal of Algebra 669 (2025) 1-25

1.6] and [13]). Therefore, if we only consider strict partitions A and p and we set Qo
to be 0, then we get the same formulas for Q) and Q,,, as in [8].

As a result of Proposition 3.2, for compositions A € Z™ we may sometimes assume n
is even or odd, as convenient (in general, the length ¢(A) may have different parity since
£(X\) < n). We identify compositions that differ by any finite number of trailing Os for
the purpose of computing Q. It is clear that we may also append arbitrarily many zeros
to A when computing Q) /., although we may not always append zeros to p.

Next, we have another fundamental identity that is not true in the traditional Pfaffian
construction.

Corollary 3.3. Let A € Z™ be a composition, then Qo = Qx.

Proof. This is immediate since we see that M (\,0) = M (X0) if n is odd, and M (A0, 0) =
M(X00) if n is even. O

3.2. Reordering the parts of A

For any composition A € Z" and integer ¢ € {1,2,...,n — 1}, let B; act on A by
swapping parts A; and A;41,

BiXi= (A1, Nic1, Aign, Ay Aiga, - An).

Proposition 3.4. Let A € Z™ be a composition, then

Qx if A = Aig1,

@B = N .
(=)*2Qx (ririsar A+ Xig1 =0 and X; > 0,
0 if i + X1 =0 and A\; < 0.

Proof. In the first case, we see that A is invariant under B; if A\; = A\; 1. Next, note that
swapping A; and \; 41 corresponds to interchanging row ¢ with row ¢ + 1, and column
with column ¢ 4 1, of the matrix M () only when A; + A;11 # 0 due to (2.2). In this
case, doing so changes the sign of the Pfaffian.

By Proposition 3.2, we may assume n is even. So, suppose \; + A;+1 = 0 and A\; > 0.
Then we have ;11 = —\; < 0, and so we see that @ is the Pfaffian of the matrix

Qixay O
Qriyny 0
—RQon) T mRuA 0 01 Qx ap2) - Rrian)
0 0 0 0 o0 ’
M _QO\HAHA) 0 M
—Quiay 0
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where
M, M.
(38 32) = MO\ xa)).

Thus, we see that @y = 0. However, we also see that @) p, is the Pfaffian of the matrix

0 Qi)
0 Q1A
0 0 0 (=1)*2 0 0
—Q0ua) =R | —(=DN2 0 Qe 0 Qo
M 0 _Q(A“%H) M
0 —Qxin)

Therefore, if we expand along the ith row/column, we get

Qe = (1) (=D=M 2PEM (A {As, A1 }))
= (_1)>\i2Q/\\{/\i1)\i+l}'

Hence, we have proven the third case, and the fourth case follows from this argument
since BZ2A=\. O

Therefore, we see that for any composition A € Z", we may reorder the parts to be
weakly decreasing except possibly with negative parts first, and doing so will only change
Q. by a nonzero coefficient.

3.3. Remowving negative parts

Now, note that if a composition A has a repeated nonzero part, then M (\) has two
identical rows/columns, and hence @) = 0. So, we will consider functions of the form
Qpx, where A\ € Z™ is a strict partition and p € Z is a (possibly negative) integer. In
order to write a formula for Q_p)x (p > 0), we first define, for any strict composition
A € Z™ and any nonzero integer p € Z,

Qxny ifp=2A;,

0 otherwise.

Qx\{p} = {

In particular, we have Q,)\(p3 = Qo = 1. It is convenient to think of A\ {p} as a
set difference only when p = \; for some i. Note that the notation Qx\(x,} specifies the
index of the part being remove (and so in that case A need not be strict), whereas @\ p}
specifies the value of the part being removed (hence the requirement that \ is strict).

Proposition 3.5. Let p € Z, p > 0, be a positive integer and let A\ € Z™ be a strict
partition, then
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Q(-p)x = (=1)PFIAPFIQ, 1.

Proof. We may assume n is odd, so then we have

0 Qe " Qun
—Qp.a1)

Q(-p)x = Pf : M()\)

—Qp,rn)

If p # A; for all j, then by (2.2) we see that the first row/column is all zeros. Therefore
the Pfaffian is 0, and so the identity holds since by definition we have Qx\,3 = 0.
Otherwise, suppose p = A; for some j. Then by (2.2), we have

0--0(=1)*20---0

Qo= ol M(N) |

where the nonzero entry of the first row appears in the (j41)th column. So, if we expand
along the first row/column, we get

Qpr = (1) TH=1)P2PI(M(A\ {\;})
= (—1)p+j+12Q)\\{)\j}. ]

If X\ is a strict composition with multiple negative parts, then we may repeat this
argument to get a formula for @ . Consequently, we have shown that the set of functions
Q@) for strict partitions A € SP is a spanning set of T'.

4. Vertex operator identity

The purpose of this section is to use the Pfaffian formulation of Schur’s Q-functions to
prove a particular vertex operator identity [6]. First, we must introduce some additional
definitions and notation.

4.1. Inner products and adjoints

We define an inner product (-,-) on T' by requiring that the @) form an orthogonal
basis. Thus, we set
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(Qr, Q) = 2°Vsy,

for strict partitions A and p. Let z be an indeterminate; in this section we will work over
the ring C[z] @ " of Schur’s Q-functions with coefficients in C[z]. We extend the inner
product to C[z] ® T' by C|[z]-linearity.

For any F € T', we let F- denote the adjoint of multiplication by F with respect to

('7 ')a
(FQkaQ,u) = (Q)HFJ_Q;L)'
If F =), F,z" is an infinite series, we denote Ft .= >on Z"FnL
Proposition 4.1. For all partitions A\ and p, we have
QirQr=2"Q, .
Proof. Recall [8] that for any F' € T we have
(Q}\/M?F) = (QA)QiZ(M)Q;LF) )

which is a fundamental identity of the skew functions @,,. Using linearity and the
definition of adjoint on the RHS, we get

(@ W) = (050 ).

Together, we have

Qu/p=2""MQ:Q\. O
In particular, we will make use of the following case where ¢(u) < 1.

Corollary 4.2. For any partition \, we have

4G Qx =2Qx /() (r>1),
2% Qx = Qx.

4.2. The main identity

The following identity has been proven by Jing using the language of vertex operators
for both Schur’s Q-functions @x(x1,x2,...) [6] and the more general Hall-Littlewood
functions @Qx(z1,x2,...;t) [7]. We note that Hall-Littlewood functions specialize to
Schur’s @Q-functions when ¢ = —1 and to Schur functions when ¢ = 0. The analogous
identity for Schur functions was proven by Carre and Thibon [2] using a determinantal
approach with the Jacobi-Trudi identity.
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Theorem 4.3. Let A be a partition, then we have

Z Qp)\zp =Kz HJ__l/zQ)\-

pEZ
Our first step is to expand &, - /{fl/zQ)\ as a sum.

Lemma 4.4. Let \ be a partition, then we have

Ko K500 =) 2P [ Q0 +2) (1) g Qu/(r)

pEZ r>1

Proof. First, we multiply . and ﬁfl/z to get

Kz Kl Qn = ZQizi : Z(*Z)qu;’@,\

i>0 >0

= Z Z 07 (—2) g7 Qx

i>0 >0

=2 e (=2) T Qs

pEZ r>0

since gp4+r = 0 for p +r < 0. Then, we rewrite this to get

Z 2P Z(_I)T‘Ip-&-rqu-_Q)v

peZ r>0
Finally, we apply Corollary 4.2 to ¢;-@, in the sum to get

> 2 | dproda Qa + > (—1) GpsrarQa

peEZ r>1

=Y 2 [ pQx+2) (-1)¢pirQryy | O

pEZ r>1

So, to prove Theorem 4.3, it suffices to show that

Qpxr = ¢pQx +2 Z(_l)TQPJerA/(T)'

r>1

We need several more identities to finish the proof. First, we will need to write both
Qpx and Q) /() as sums of Schur’s Q-functions of the form Qx\(x,3}-
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Lemma 4.5. Let A € Z™ be a partition, then for all integers p € Z we have

N Z(_l)iQ(p,/\i)Q/\\{/\i} if n is odd,
Qp)\ = ifll A
W — Z(*l)lQ(p,Ai)Q,\\{,\i} if n is even.

=1

Proof. If n is odd, then n + 1 is even, so we have

0 Qe - Quan
—Qp)

i (N I V(P

—Qp,rn)

=3 (1)1 Qe PEM(A\ {A;})

j=1

by taking the Laplace expansion along the first row/column. Then, note that Pf(M (A '\
D) = Qxy-

If n = is even, then we have

0 1Qwa) Qo) Qoo
—Qp)
=P M)
—Qpn)
—Qp,0)

= Z(*l)jHQ(p,Aj) PE(M X0\ {A;})) + (=1)"2Qp,0) PE(M (A0))

by taking the Laplace expansion along the first row/column. Then, note that Pf(M (A0
{Ai1) = Qa\q»,3- Additionally, we have that Q,0) = ¢p, and Pf M(X0) = Qx. O

The following identity is a special case of an identity by J6zefiak and Pragacz [8].

Lemma 4.6 (Jozefiak-Pragacz). Let A € Z™ be a partition, then for all positive integers
r € Z1 we have

n

Qr/r) = — Z(*l)ifJAi—er\{Ai}-

i=1
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Proof. If n is odd, then we have

gri—r
qx,—r
—Gxi—r " —Qq\,—r 0

= (—1nt ZH)J‘%_T PE(M(A\ {\;})

by taking the Laplace expansion along the last row/column. Then, note that Pf(M (A \
D) = Q-

If n is even, then we have

i —r
S M (X0) e
qo—r

—Aqxi—r  —Q\,—r —qo—r 0

= (—1nt Z(—l)f’qxj_r PE(M(X0\ {\;}))

by taking the Laplace expansion along the last row/column, since ¢_, = 0. Then, note
that PL(M (MO \ {/\j})) = Q)\\{)\j}. O

Note that our equation in Lemma 4.5 for @, is missing the term ¢,Q» when ¢()) is
odd. However, this is accounted for due to Proposition 3.1. So, we are able to prove the
following identity, which completes the proof of Theorem 4.3.

Theorem 4.7. Let A € Z" be a partition, then for all p € Z we have

Qpr = qpQx + 2 Z(_l)quP*f’TQk/('r‘)'

r>1

Proof. First, suppose n is odd. Then, we substitute the formula (2.1) for Qs into
Lemma 4.5 to get

o)

Qp)\ = - Z(*l)iQ(p,M)Qk\{ki}

=1
)

== D @ 2D (1) Gpirar—r | @uavpa-
=1

r>1
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We expand out this sum to get that this is equal to

2(N) L(N)
—gp Y _(=1'g0,Qaviny — 2D (D" (=1 Gpsrr,—rQa\(r}-
i=1 =1 r>1

By Lemma 3.1, we see that the sum in the first term is —Q», so we have

QA — QZ Z D) @pir @ —rQx\{ A}

r>1

Then, we rewrite the nested sums to get

£(A)
qu)\ +2 Z(_ly(]p«H - Z<_1)zqz\i7'r‘Q>\\{)\i}
r>1 i=1

Finally, we can apply Lemma 4.6 to the sum inside the parentheses, and so we have

Qpr = QA + QZ(_I)TQPJWQ)\/(T)

r>1

Next, suppose n is even. We repeat the first steps of the odd case to get

7%y 7%y
Qpr = % — 6 Y _(—1'ax, @y — 2D (1) (1) Gparr,—rQx\(ai)
i=1 i—1 r>1

where there is now an extra term ¢,Qx. However, by Lemma 3.1 we have that the first
sum is 0, and so we get

apQx — QZ )Y (1) Gpr@r—r @\ (a3

r>1

which is the same as in the odd case. So, we repeat the final steps as the odd case to
finish the proof. O

Remark 4.8. We could have used Proposition 3.2 to simplify several statements and
proofs in this section without having to break into even and odd cases. However, we
would have less information about the differences due to the parity of £()\).

5. Expanding Q) using skew functions
In this section, we will expand @ as a sum involving skew Schur’s Q-functions of the

form Qy/(;) in two different ways. In the first method, 7 will range over all nonnegative
integers r > 0. In the second method, ¢ will range over just the parts Ai, Ao, ... of A.
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5.1. Sum of Qx/(r

Many of our identities have involved the function @,\. However, we may easily find
identities for @) by setting p = 0. First, we specialize the final result from last section.

Corollary 5.1. Let \ be a partition, then

S D 4 Quywy i N s odd,

Q)\ — TZI

Z(—l)quQ,\/(r) if L(\) is even.

r>0

Proof. Let p = 0 in Theorem 4.7, then we have

Qor = Qx + 22(—1)Tqu,\/(r)-

r>1

Repeatedly applying Proposition 3.4 to Qpy, we see that we get

(—1)"MQro = Qr +2 Z(*l)rqux/(r)-

r>1

Then, since @y = Q» we have

- Z(_l)rquA/(r) =

r>1

Q» if £()) is odd,
0  if £()) is even.

Subtracting goQx/(0) = @x from these equations, we get

> (174 Qxy) =

{0 if £(\) is odd,
r>0

Qx if£(N) iseven. O

5.2. Sum of Qx/(x,)

Now, we will write a sum ranging over the parts of A. In order to find this sum, we
will need to write a similar decomposition of Schur’s @Q-functions of the form Qx\(x,;-
Then, we may substitute this decomposition into Lemma 4.5 to get our desired sum.

Lemma 5.2. Let A be a partition and fiz an integer k such that 1 < k < £(\), then

k

Qn\{ay = — Z(*l)i@,ka/(Ai)

=1
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where r;\7k is a polynomial in the variables qu,qa, . . ., qxr,—x, - Specifically, we have r;\l =1,
and recursively define (for k > 1)

1

k
Ti):k = — (—1)]_kqu,,\k’l“iA’j.

i

<.
Il

Proof. Recall from Lemma 4.6 that we have

n

Qx/r) = — Z(—l)iq,\i—er\{Ai}-

i=1

First, note that if » = A, then the sum only needs to go from 1 to k since ¢, = 0 for
Ai <1 = A,. Additionally, we have that ¢x,—_x, = go = 1, so we have

k-1
Qa0 = (D Qg + D (=1 a2, Qv r)-
i=1
Then, we can solve for Qy\¢x,}, and we get

k—1
Qxning = (D" Qx00) — Z(*l)ifkin—Aka\{Ai}- (5.1)

i=1

Now, we can use this identity to prove the Lemma. We proceed by induction on k.
First, if k£ = 1, then from (5.1) we see that

Qnpny = DN
=—((-D"1Qx/0))

since 7‘1\,1 = 1. Suppose the Lemma is true for Q\¢x,}, then by (5.1) we have

k
Qniaea = CDTEQ 0 = D DT R gy L Qg
i=1
k , i 4
= (_1)kQ)\/(>\k+1) - Z(_l)z_(k—i_l)q%*)\wﬂ - Z<_1>jrg)'\,iQ>\/()\j)
i=1 j=1

since ¢ < k. We can rewrite this sum to get
(1 Qe + 217 { DD g a2 | Qasonnys

=1 i=j

and so by the definition of 7"1-): . We have
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k
— (DR e Qv — D (DT Q)
j=1
k+1 )
==Y (V@i O
j=1

Now, we can use this to get a decomposition of Q.

Proposition 5.3. Let \ be a partition and p € 7, then

LX) LX)
ST DT Quanria | @uyony i U s odd,

k=1 i=k

@pr = ) [en)
B+ Z Z(_l)i—‘er(p,)\i)Tl)c\,i Qx/(n) I L(A) ds even.

i—k

Proof. Recall from Lemma 4.5 that we have

- Z )" Qep.rs Y@\ (r,y if nis odd,
Qp)\ = "
apQx — Z(_l)zQ(p,)\i)Q)\\{)\i} if n is even.

i=1
From Lemma 5.2 we can replace Qy\¢x,} so that the sum becomes

£ £

> D' Qupan@ning = DD Ry Y (=1)7:Qx/0))
i=1 i=1 j=1
Finally, we can swap the sums to get
L) )
—Z Y DHQuanrii | Qe D
= \isy

Like before, we are able to set p = 0 to get an analogous statement about @, as a
sum of skew functions.

Corollary 5.4. Let \ be a partition, then

£(N)

Z a2 Q) i LN s odd,
Qx= :/\
Z Y ar@x/ae) i L(N) is even,

k=
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where we set Ao := 0, and we define the coefficients

()
=4 YDy 1<k <L),
LA i=k
1 k=0,

where r,’c\i are defined as in Lemma 5.2.
;

Proof. Let p =0 in Lemma 5.3, then we have

o) [en)
Z S (=0T F(—gx ) | Qa6 s odd,
k=1 \i=k
Qo = () e
0@+ Z Z D (—qa)rea | @ayony i £(N) is even.
k=1 \i=k
Then, repeatedly apply Proposition 3.4 to get Qox = tNQ,, and so we have

LX) [e(N) . .
; @y if £(N) is odd,
DD i | @yow = { ™

=1 \ ik 0 if £()) is even.

Equivalently, this is

fi)( a0 Qx if £(\) is odd,
— _ a =
1 RN 0 if £()\) is even.

Subtracting aéQA/(O) = (@), we have

L 0 if £()) is odd,
> (=D ayQaan = . .
=0 Qx ifL(N)iseven. O

5.8. Specializing rﬁk and a} to staircase partitions

As we have seen, it is useful to work with sums of Schur’s Q-functions of the form
Qx\{r.}- So, it may be useful to study the decompositions of the functions Qx\¢x,y, and
in particular the coefficients 7“z . and ak from Lemma 5.2 and Corollary 5.4. First, we
find simple formulas for the coeflicients in the case where A is a staircase partition

S(n):=m-1,n—-2,...,2,1) e 2!

for n > 1. To start, we see that r k dependb only on the difference k — 3.
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Lemma 5.5. Fiz i < k < n, then for all j such that —i < j < n — k, we have

d(n) _ d(n)
Tik = Titjk+s

In particular,

6(n) _ &(n)
Tik = T1k—it1-

Proof. This is clear from the definitions of 7'@‘):  and d(n) since r;\7 . depends on the differ-
ences between the parts A\;,..., A\x. O

So, it suffices to find a formula for rf(,?).

Lemma 5.6. For all k < n, we have

)
Tlf]zl) =dqk-1-

Proof. We proceed by induction on k. First, we see that

5(n)

ry =1l=q=q-1.
Next, we have
k—1
§ i—k §
i == 2 e
j=1

By the induction hypothesis, we have that this is

1

= (=) Fgjqi-1.

Jj=1
We can rewrite this sum as
(1) (( > (—1)”qsqr> - (—1)’“_1610%_1) :
r4+s=k—1
It is well-known [10, p. 251] that this sum is 0 for & > 2, hence we are left with gx_1. O

Proposition 5.7. For all i < k < n, we have rf,(kn) = Qr_i-

Proof. This is an immediate consequence of the previous two Lemmas. O

(n)

5 s
Now, we can use our formula for 7, to get a formula for ak(”).
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Proposition 5.8.

g ) e 1sk<n— 1
’ 1 k=0.

Proof. Using Proposition 5.7, for £ > 1 we have

-1
5(n) K i 3(n)
Q" == (-1) q45;Ty
i=k
n—1
== (=1)"gn—iqi—r
i=k
Next, we write the sum as
n—k—1
(_1)k+1 <_1)JQan—k—ja
§=0

which is equal to

(_1)k+1 (( Z (_1)TQrQS> - (_1)n_kanq0> .

r+s=n—=k

Once again the sum is 0, and so we get (—1)"¢—g. O
5.4. The coefficients Tak and the A, _1 root system

The A,_;1 root system has positive roots ®* := {e; —£;|1 < i < j < n}, where
€1,...,E, are linear functionals of the Cartan subalgebra, and here we view them as
formal symbols. For any i < k, we say that a decomposition of § € ®T is a subset
D C &7 of positive roots that sum to 5. Additionally, we say that the only decomposition
of g; — &; = 0 is the empty set (. Otherwise, for ¢ < k it is easy to see that there are
2F=i=1 decompositions of £; —¢}, (corresponding to subsets of {i,i+1,...,k} that contain
both i and k). For more details, see the Kostant partition function [3,9].

We may use these definitions to write the coeflicients rak as a closed sum for any
partition A.

Proposition 5.9. Let A € Z" be a partition, and suppose 1 < i < k < n. Then we have

e = (=07 (-)*Pap,
D

where the sum ranges over decompositions D = {S1,...,0¢} C ®1 of e, —ex, #D s the
cardinality of D, and we define
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ap=q3, -y, (#D>1),

q =1,

where for 8; = e, — g5 we have

qéj = Q-

Proof. We proceed by induction on the difference k — ¢ > 0. First, when k = i, there is
nothing to prove. Then, when k& = ¢ 4+ 1, we have from Lemma 5.1 that
(71)i—(i+1)

A _
Tiitl = — Di—rip - L

Since {e; —&;11} is the only subset of ®T such that the sum of its elements is A\; — A\;y1,
we are done with the base case.
Next, we see that we have

k—1
Ao i—k A
Tik = — E (-1 ;=2 T35
j=i

k—1
- Z (_l)jikq)‘j_kk <(_1)ij Z(_l)#Dqg> - (_l)iikq)\i—kk

j=i+1 D

by the induction hypothesis, where the sum is over decompositions D of €; — €;. After
rewriting, we get

k—1
D7D —an o D (DFPan — i,
J=i+1 D

Notice that —gx,—», = (—1)#{€i’€k}qf‘si_sk}. Also, for any decomposition D of €; — ¢,
we have that the elements of DU {\; — Az} sum to €; — e5. Therefore, we can combine
everything into the desired sum, ranging over decompositions of ; — g. O

6. Further identities
6.1. A skew function identity

The Schur functions S form a basis of the ring A of symmetric functions. One identity
that Schur functions satisfy is Spx/(p—x) = Ska (see [2, p. 396]). We may prove a similar
identity with Schur’s Q-functions.

Proposition 6.1. For all partitions A € Z"™ and integers k,p € Z such that k > 0 and
p > A + k, we have
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pr/(p—k) = qrQx-

Proof. First, note that we have qy,_(,—x) = 0 for all 7 since we see that \; — (p—k) <
A1 — (p — k) < 0. Next, we may assume that n is even, so we have

Ip—(p—k)
M(p)\) QAl—'(p—k)
Qpx/(p—k) = Pf :
Q)\nf(pfk)
“p—(p—k) ~Da—(p—k) " " D-p-k)| 0
qk
0
e | MpA) |
10
—qz 0---0[0

= ()" =D e PEM(Y)
by expanding along the last row/column. O
6.2. An alternating identity

As we have seen, Schur’s @-functions satisfy several identities involving alternating
sums. For example, for any fixed integer n € Z we have the fundamental identity

> (-Dgrgs = {(1) n70

r+s=n n= 0’

(see [10, p. 251]). We now provide a similar identity involving Schur’s @Q-functions with
two parts.

Proposition 6.2. Fiz integers p,n € Z, then we have

(_1)n2qp+n n > O,

Y VaQups = | n=0,
rhs=n 0 n<o0,
and
0 n >0,
Z (1)@ Qsp) = | @ n =0,

rhe=n (=1)"2¢p1n n <O.
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Proof. First, consider the sum ) . (=1)"¢,Q(p ). If n < 0 then we have either » < 0
or s < 0 in each term, and so the sum is 0. Similarly, if n = 0, then the only possible
nonzero term is when r = s = 0, and so we get (—l)OqOQ(p’O) = gp.

So, suppose n > 0, then we use (2.1) to expand Q, s and get

Z (_1)TQTQ(;D,S) = Z (_l)rqr <QpQS + 22(_1)iQp+iqSi>

r4+s=n r4+s=n

S

=4dp Z (71)7‘(]1”(].64’2 Z (71)7‘(17’2(71)1‘(117-&-2'(].6—1'-

r+s=n r+s=n =1

Note that first sum is 0 since n > 0. We may reindex the next sums so that we have

I
-

n—

<.

2 (=1) 45 (=1) Gprittn—j—i,
j

I
<}
.
Il
_

where the outer sum only runs to j = n — 1 since ¢,—;—; = 0 when j = n. By swapping
the order of the sums, we have

3
|
i

(=1)7q; (1)’ qpriGn—j—i-

M-

15

o
Il

<
Il
o

Finally, we can rewrite this to get

2> (—1)'gpri Y (1) qiqn—j—i
i=1 j=0
:22(_1)iqp+i Z (—1)"quav
=1 utv=n—1
:2(_1)an+n

since the inner sum is 0 if n —¢ # 0, and is 1 if i = n.
Finally, we get the second identity with similar calculations, or by applying Proposi-
tion 3.4 to Q(p,s) in the first identity. O

We note that one may prove these identities with generating functions. However, our
construction allows for a proof with just basic algebra. Importantly, we can see that it

is useful that equation (2.1) is used as the definition of Q) for all integers r and s,
rather than just the case where both are positive.

Data availability

No data was used for the research described in the article.
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